Suggested Solution to Quiz 2

April 7, 2016

1. (5 points) Can the eigenvalue problem

- X"(z)=XX(x), 0<z<1
X'(0)=0, X(1)=0

have nonpositive eigenvalues? Prove your statements. Write down all the eigenvalues and correspond-

ing eigenfunctions.

Solution:

(a) No, the above eigenvalue problem only have positive eigenvalues.

In fact, let A be the eigenvalue of the problem and X (x) the corresponding eigenfunction. Multiply
the equation —X”(z) = AX(x) by X(z) and integrate with respect to x, then we get

_/le"(x)X(x)dx - )\/01 X2(2)da

With the help of the boundary conditions, we have
1 1 1 1
- [ XX @ = X @)X @)+ [Pl = [ X @)
0 0 0

Therefore,
1
kX @Pdr

fol X2(x)dx

If A = 0, then we must have X’(x) = 0 on [0, 1] which implies that X (z) = Constant. Since
X(1) =0, then X (x) = 0 which is impossible. Therefore A > 0.

(b) Since A > 0, let A = 82,3 > 0. Then the general solutions of —X"(x) = AX (z) are
X(x) = Acos Sz + Bsinfx

Hence
0=X(1)=Acosf+ Bsinf
0= X'(0) = BB

Thus B = 0 and cos 3 = 0. Therefore the eigenvalues are A\, = (5 + nm)? and corresponding
eigenfunctions are X,,(x) = cos(§ +nm)x forn =1,2,....

2. (5 points) Find the Fourier cosine series of f(z) = 2 on (0,7). Then find the sum

S gr) =1+ G () )
k=0

by using Parseval’s equality.



Solution: The Fourier cosine series of f(x) =z on (0, ) is

1 o0
f(a) = 540+ > Ay cosna

n=1

where the coefficients are

2 T
AOZ/ zdr =7
™ Jo
and
2 ™
A, :/ T cosnxdzr
™ Jo
2 . ™ 2 /”,
=—uxsinnz| — — sin nxdx
nm o nmJ)y
2 [~ - 1] 1,2
n27r M M M
Hence
= T Z(cosz+ = cos 3z + o= cosbr + )
m—2 ﬂcosx 9cos;r 25cosac .

The Parseval’s equality is
g 0 s
f@)Pds =3 |A4uP [ 10 (0)Pds
0 o 0
Here f(z) =z and Xo(z) = %, Xpn(2) = cosnz,n = 1,2, -, thus we have

1 1

3
0 om w16 1.4 4 4
I 20y (2 - Z
Hence
> () = 5
— 2k +1" 96

k=0



